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§1. Introduction. In this article we prove the following theorem. 

(1.1) Main Theorem. Let V be an unstable holomorphic 2-bundle over 
for some n > 6. Then U is a direct sum of two holomorphic line bundles. 

The statement of our Main Theorem with the weaker dimension assump¬ 
tion of n > 4 was already given in the paper of Grauert-Schneider [Grauert- 
Schneiderl977] in 1977, but some points of the proof seem not to have yet 
been clearly worked out there (see the review of Wolf Barth [Barthl979]). 
Schneider in his survey paper [Schneiderl987, p.l04, lines 1-4] ten years later 
posed the case of n > 5 as a conjecture. Since 1977 there has not yet been 
any really substantial progress toward the resolution of the conjecture. 

Background material of the theory of vector bundles over complex pro¬ 
jective spaces and the significance of the conjecture of decomposability of 
unstable 2-bundles on for n > 4 can be found in [Okonek-Schneider- 
Spindler2011, vandeVenl980, Schneiderl987]. 

(1.2) New Ingredients in the Method of Proof. Gompared to the approach of 
the 1977 paper of Grauert-Schneider [Grauert-Schneiderl977], our method 
of proof uses the following three new ingredients. 

(i) The 1977 paper of Grauert-Schneider uses the positivity of the tangent 
bundle of P„ and vanishing theorems for the unreduced codimension 2 sub¬ 
space defined from the instability of the 2-bundle V. Gomplications arise 
from the unreduced structure of the codimension 2 subspace. Here, instead 
of using the positivity of the tangent bundle of P„, we use holomorphic vector 
fields on P„ to directly construct holomorphic sections of the given bundle 
on the reduction of the codimension 2 subspace. Our arguments avoid the 
complications in the application of vanishing theorems which result from the 
unreduced structure of the codimension 2 subspace. This ingredient is used 
from §2 on. 
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(ii) We use Mathias Peternell’s singular subvariety version [Peternelll983] 
of the theorem of Barth-Lefschetz Theorem [Barthl970, Barth-Larsenl972, 
Larsenl973, Barthl975, Schneiderl975, Sommesel979, Sommesel982, Schneider- 
Zintll993] to extend a line bundle on a branch of the reduction of the codi¬ 
mension 2 subspace to P^. This step requires n > 6. An adaptation of our 
method to n = 5 would require the analysis of the critical dimension for our 
special situation and not just applying the ready-made result of the theorem 

of Barth-Lefschetz-Peternell. This ingredient is used from §3 on. 

(iii) We introduce a (possibly singular) branched cover of the blow-up of P„ 
along a complex line to handle the problem of the normal sheaf of a branch of 
the reduction of the codimension 2 subspace not being locally free. Instead of 
working with a branch of the reduction of the codimension 2 subspace whose 
normal sheaf is not locally free, the (possibly singular) branched cover of the 
blow-up of Pn along a complex line enables us to work with the locally free 
normal sheaf of a singular codimension 2 subvariety in it. The blow-up of 
Pn along a complex line occurs in the context of the light-source projection 
from the complement of the complex line in P„ to a linear subspace Pn -2 in 
P„ which is disjoint from the complex line. This ingredient is used in §4. 

(1.3) Organization of the Arguments of the Proof. To better present and high¬ 
light the roles of the different ingredients in the proof, we give the arguments 
of the proof first in the following three special cases, (i) The codimension 2 
subspace Z defined from the instability of the 2-bundle V is reduced at some 
point, (ii) The two generic vanishing orders of the codimension 2 subspace Z 
are equal at some point, (iii) One branch of the reduction of the codimension 
2 subspace is regular. For the special cases (i) and (ii) it suffices to assume 
the complex dimension n of the complex projective space P^ to be at least 
3. The proof of the special case (iii) already requires n to be > 6. After 
the presentation of the three special cases, the proof of the general case is 
given with the emphasis on how to handle the singularities of a branch of the 
reduction of the codimension 2 subspace. The discussion of various special 
cases enables us to see in isolation the role of each new ingredient of the 
method of the proof. 

(1.3.1) Notations. The notations Z and N mean respectively the set of all 
integers and the set of all positive integers. For a complex space X the 
notation Ox means the structure sheaf of X. An unreduced complex space 
{X, Ox) means that nonzero nilpotent elements are allowed in the structure 
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sheaf Ox- For an unreduced complex space Z the notation Zj-ed means the 
reduction of Z (which is obtained by replacing the structure sheaf by its 
quotient by the subsheaf of all nilpotent elements). For a coherent sheaf on 
a complex space X, the notation F {X, X) means the vector space of all global 
sections of X over X. For a holomorphic vector bundle Z on a complex space 
X the notation E* means the dual bundle of E, the notation Ox{E) means 
the sheaf of germs of holomorphic sections of E, and the notation T{X,E) 
means F(X, Ox{E)). A reduced complex space W is called a branched-cover 
of a reduced irreducible complex space W means that there is a surjective 
holomorphic map n from W to W with hnite hbers which is a covering map 
outside a proper subvariety of W. The map n is called a branched-cover 
map. For i E Za the notation means the f'-th tensor power of the 

hyperplane section line bundle on P„. For a coherent sheaf E on P„ and 
£ G Z the notation Eif) means the tensor product of E and For a 

complex submanifold A in a complex manifold B, the notation Na,b means 
the normal bundle of A in B. 

(1.4) Codimension 2 Subspace from Instability of 2-Bundle. Assume that the 
given holomorphic unstable 2-bundle V over the complex projective space 
Pn is not a direct sum of two holomorphic line bundles over P„. We are 
going to derive a contradiction from the assumption of n > 6 and in some 
special cases from the weaker assumption of n > 3. We hrst introduce the 
codimension 2 subspace Z in P„ dehned from the instability of the 2-bundle 
V. In general, the subspace Z is unreduced. Since V is unstable, there exists 
a sheaf-monomorphism $ from Op„(£) to Ov^iV) such that 

(a) the cokernel of <h is locally free outside a subvariety Z of complex codi¬ 
mension 2 in P„, and 

(b) the hrst Chern class of the determinant line bundle of V is no greater 
than 2£. 

By replacing V by V(—£), we can assume without loss of generality that 
£ = 0 so that we have a sheaf-monomorphism $ : Op^ —)■ Op^iV) (which 
satishes the condition (a)) and the hrst Chern class of V is no greater than 
0. Let b be the nonnegative integer such that the hrst Chern class of V is 
-b. 

Let s G F (P„, V) such that the image of <h is generated by s over Op„. 
We can cover P„ by a hnite number of open subsets Uj {1 < j < J) such 
that 
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(i) the transition fnnction for the vector bnndle V from Uk to Uj is the 2x2 
matrix 

A: k 

Cjk djk 

of holomorphic fnnctions on Uj fl Uk, 

(ii) s\u. is represented by the colnmn 2-vector 

h 

Qj 

of holomorphic fnnctions on Uj, and 

We dehne the complex snbspace Z of P„ endowed with the complex strncture 
Oz so that 

Oz = Op„ / (Op„fi + C>p„0i) 

on Uj n Z. 


§2. Technique of Vector Fields. 


(2.1) Special Case of the Codimension 2 Subspace Reduced at Some Point. If 
the strnctnre sheaf of {Z, Oz) is rednced at some point Pq of Z (which we 
can assnme withont loss of generality to be a regnlar point of Z), then we 
can easily derive a contradiction in the following way even for the case of 
n > 3. We take any generic holomorphic vector held f on P„ (which vanishes 
on some hypersurface H of P^) and apply to both sides of the equation 

(1.4.1) to get 


( 2 . 1 . 1 ) 


djkj \'C(0fc)/ 


modulo Opjj + C>p„0j on Uj n Uk- We take another generic holomorphic 
vector held p on P„ (which vanishes on some hypersurface H of P„) to get 
likewise 


\vidj)) \Cjk djk) \vi5k)) 
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modulo C>p„fj + C>p„ 0 j on Uj fl Uk- Putting together (2.1.1) and (2.1.2), we 
get 

/oio^ (Hfj) Vifj)\^fajk bjk\fCifk) Vifk)\ 

U(0i) Vidj)) djk) V^(0i) viSk)) 

modulo Op^fj + Op^gj on Uj fl 17^. By taking the determinants of both sides 
of (2.1.3), we obtain 


det 


(iih) 

U (0i) 


vm 

V (0i)/ 



bjk\ .^Jafk) vifk)\ 

djk) U (0.) 7 {Qk)) 


modulo C>p„fj + C^p„0j on Uj fl Uk- With generic choices of the holomor- 
phic vector helds ^ and r] on P„, we have a non identically zero element of 
r {Z, Oz (det V)) which vanishes on HnZ. In particular, on the branch Z^^^ 
of the reduction Zred of Z which contains the point Pq we have a non trivial 
global holomorphic section a of det V. This contradicts the fact that the 
hrst Chern class of V is nonpositive, because the non identically zero holo¬ 
morphic section a of det V on Zj?^^ vanishes on the ample divisor TT fl Zj?^^ of 
The dimension assumption n > 3 is used to guarantee that the complex 
dimension of the irreducible subvariety is at least 1 . 


(2.2) Two Vanishing Orders of Defining Ideal Sheaf of Codimension 2 Sub- 
space. At a generic point Pq of Z (in some Uk) we can take a local surface hi 
which is transversal to (the reduction of) Z at Pq and is biholomorphic to the 
bidisk C whose coordinates are (Ci 5 C 2 ) with Pq corresponding to the 
origin (Ci, ( 2 ) = ( 0 , 0 ). Consider the two holomorphic functions (Ci, C 2 ) and 
t/’ (Cl) C 2 ) which are respectively the restrictions of and 0 ^ to hi. Consider 
their expansions into homogeneous parts 

00 

(Cl) C 2 ) = ^ 4>u (Cl) C 2 )) 

00 

'0(Cl)C2) = ^'^(Cl)C2) • 

U=K2 

where 0^1 and are both non identically zero and not equal to nonzero 
constants times each other. If for c G C at a generic point of 

Z n Uk, we change local basis of V on Uk by 

f ffc ffc 

\dk dk — Cfk 


5 



to make sure that and are not equal to nonzero constants times each 
other when ki = K 2 - We call Ki and K 2 the two generic vanishing orders for 
the dehning sheaf for Z (at some generic point of Z in Uk)- We agree to use 
the labeling so that ki < K 2 . 


(2.3) Special Case of Two Egual Generic Vanishing Orders. The above ar¬ 
gument of using global vector helds of to conclude the nonexistence of 
a nonsplitting unstable 2-bundle on P„ with n > 3 in the special case of 
(2.1) works also in the special case where the two generic vanishing orders 
of the dehning ideal sheaf of Z are eqnal at some point of Z. Of course, the 
case of (2.1) where the codimension 2 snbspace Z is reduced at some generic 
point simply means that both generic vanishing orders are equal to 1 at that 
generic point. 

Snppose the generic vanishing orders of the two local dehning fnnctions 
for the ideal sheaf of Z are both eqnal to m > 2 at some generic point Pq 
of Z. Then we can choose global holomorphic vector helds G) ‘ ‘ ‘ iCm-i and 
hii ■ ■ ■ ) Vm-i on P„ vanishing on some hyperplane H of P„ so that 


det 


f fl' ' ' im-l (fj) 
\'Cl ■ ■ ■ ^m—1 (flj) 


= det 




(fi)\ 

hl-'-hm-l (hi)/ 

fil-'-U-l (fk) 

■ ■ ■ ^m—1 (Sfc) 


771 ■■ ■ TJrn-l (fk) \ 

hi ■ ■ ■ hm-1 (Sfc)/ 


on the rednction Zj-ed of Z. The colnmn 2-vector 


f (fj) hi ■ ■ ■ Vm-l (fj) \ 

V6 ■ ■ ■ ^m-1 (0j) hi ■ ■ ■ hm-1 (dj)) 

of holomorphic fnnctions on Uj for 1 < j < J gives us a nontrivial global 
holomorphic section a of det V on some branch Zj)^^ of Z^ed- This contradicts 
the fact that the hrst Chern class of V is nonpositive, because a vanishes on 
the ample divisor II fl Zj)^^ of Again for this present sitnation of two 
eqnal generic vanishing orders the dimension assnmption n > 3 is used to 
guarantee that the complex dimension of the irreducible subvariety Z^^^ is at 
least 1. 


(2.4) Construction of Section for Case of Two Unequal Generic Vanishing 
Orders. When the two generic vanishing orders of the dehning ideal sheaf for 
the snbspace Z are nneqnal at a generic point of any branch of the reduction 
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Zj-ed of Z, we can still let m be the smallest of the two generic vanishing orders 
at the generic point of any branch of red Z and choose global holomorphic 
vector helds on P„ vanishing on some hyperplane H of P„ so 

that 

f 1 (fjr) \ _ f^jk ^jk\ f ■ ■ ■ ^m—1 (ffc) \ 

1 (fljr)/ \^jk djkJ ■ ■ ■ ^m—1 (Sfc)/ 

on Uj n f/fc n Zred yields a non identically zero element a G F (Zred, V)- Of 
course, for this general case we are unable to use the same method to produce 
another holomorphic section a' of V over Z^d such that a A cr' is a non iden¬ 
tically zero holomorphic section of det V over Z^^d- It is for this reason why 
we need to introduce the technique involving the Barth-Lefschetz-Peternell 
theorem which requires the stronger dimension assumption n > 6. 


§3. Line Bundle Extension by Theorem of Barth-Lefschetz-Peternell. 

(3.1) Cartier Divisor for Case of Two Unequal Ceneric Vanishing Orders. 
Assume that the two generic vanishing orders are unequal with m being 
the smaller one. Let Z^^^ be a branch of the reduction Z^ed of Z. Let 

G r V) be dehned by a G F (Z^ed, V) constructed in (2.4), where the 
holomorphic vector helds • • • , Cm-i on P„ used in the construction of a in 
(2.4) are assumed to be so chosen that is not identically zero. Since m is 
the smaller of the two unequal generic vanishing orders, with the convention 
of K,i < K 2 of (2.2), only the hrst entry ■ ■ ■ Cm-i (fi) in the column 2-vector 

(f,)^ 

\'Cl ■ ■ ■ Cm—1 (Sj )/ 

representing a® is not identically zero on Z^^^nUj. The other entry • ^m-i (flj) 
is identically zero on Z^^^nUj. Thus the zero-set of is of pure codimension 
1 in Z^^^ and is given on Uj by the Cartier divisor dehned by (fj), 

which we also know must contain H fl Z^^^, where H is the hypersurface of 
P„ where the holomorphic vector held (^i vanishes. Let W be the Cartier 
divisor in Z'^^^ dehned by <7° G F V). Denote by [IT] the holomorphic 
line bundle on Z^^^ dehned by the Cartier divisor IT. 

(3.2) Extension of Line Bundle Defined by Divisor for Special Case of Codi¬ 
mension 2 Subspace Having Regular Branch. We now discuss how to handle 
the general case of two unequal generic vanishing orders of the dehning ideal 
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sheaf for the codimension 2 subspace Z under the stronger dimension assump¬ 
tion of n > 6. In order to better explain the use of Barth-Lefschetz-Peternell 
theorem and the reason for the later construction of a branched cover over 
the blow-up of Pn along a complex line, hrst we present here the proof for 
the special case where there is a regular branch in the reduction Zred of 
the unreduced codimension 2 subspace Z dehned from the instability of the 
given indecomposable 2-bundle V. 

To simplify notations we denote Z^^^ by A. We are going to use the Barth- 
Lefschetz theorem (before its generalization by Mathias Peternell to singular 
subvarieties) to show that the line bundle [W] on A = Zj?^^ from (3.1) is the 
restriction to of the line bundle Op^(a) on P„ for some a G N. 

Since by 2 < 2 dime A — n from n > 6 and dim^ A = n — 2 the Barth- 
Lefschetz theorem (in the setting of cohomology groups with coefficients in Z) 
implies that (P^, Z) —)■ H^{A, Z) induced by the inclusion map A P„ is 
an isomorphism, it follows that there exists some a G Z such that the Chern 
class of the restriction of Op„(a) to A is the Chern class of the line bundle 
[W] on A. On the compact Kahler manifold A the line bundle [VP] 0Op„(—a) 
of zero Chern class must be a flat line bundle (in the sense that local hber 
coordinates of it can be chosen so that its transition functions are constant 
functions). Since 1 < 2 dime A — n from n > 5 and dime A = n — 2, the 
Barth-Lefschetz theorem (in the setting of homotopy groups) implies that 
'Ki{A) —)■ 7r(P„) induced by the inclusion map ^4 P„ is an isomorphism 
and hence A is simply connected. Since any flat line bundle on a simply 
connected compact manifold is trivial, it follows that the flat line bundle 
[IP] 0 Op„(—a) on A is trivial and [IP] is the restriction of Op„(a) to A. 
From yl n iif C IP in (3.1) we conclude that a > 0. 

(3.3) Extension of Section from Vanishing of Cohomology. Let tw be the 
canonical section of [IPj^ so that tw is a holomorphic section of C>p„(a) over 
A, which implies that ^ as a holomorphic section of V (—a) over A must be 

nowhere zero on A. Let r = We have a short exact sequence 

(3.3.1) O^Oa^ OA{V{-a)) OA{-2a - b) ^ 0 

on A, where the inclusion map <h is dehned by multiplication by r, because 
the Chern class of the determinant line bundle det B of B is —b so that the 
Chern class of the determinant line bundle det(y(—a)) of V is —2a — b. 



We are going to extend r from A to a global holomorphic section f of 
V{—a) over all of in the following way. Let XdA be the full ideal sheaf for 
the complex submanifold A of One key ingredient for the extendibility 
of r is the vanishing 

(3.3.2) Lfi (A, (x4/2:4+^) (-g)) = 0 for £>1 and g > 0. 

Since the sheaf X4/is the sheaf of germs of holomorphic sections of 
the £-th symmetric power Sym^ {{Na,f„)*) of the dual (A^a,p„)* of the normal 
bundle NAfi„ of the submanifold A of P„, the vanishing (3.3.2) follows from 
the result of Schneider-Zintl [Schneider-Zintll993, p.261, Theorem 4] that for 
a complex submanifold Y of complex dimension ny in Pn, 

i/'’(y.Sym'((Afy,,.)•)(-,)) =0 

for g > 0, £ > 1 and p < 2ny — n. In our case p = 1 and ny = n — 2 so that 
1 < 2{n — 2)—n = n —4is satisfied with n > 5. As noted in the 1993 paper of 
Schneider-Zintl [Schneiderl993, lines 4 and 5 from the bottom of p.259], the 
result of Schneider-Zintl which we use here is a reproof of Faltings’s theorem 
[Faltingsl981, p.l45, Korollar 1] in a slightly different formulation by using 
the vanishing theorem of Le Potier [LePotierl975]. 

Note that though the normal bundle A^y,p„ of a complex submanifold Y of 
P,j carries positivity from the global holomorphic vector fields of P„, the van¬ 
ishing theorem of Kodaira for Nakano positive vector bundles [Nakanol955] 
cannot be applied to this kind of positivity of A^yp„ to give the vanishing of 
H'P (y, Sym^ ((A^v,p„)*) (“?)) for g > 0, £ > 1 and p < 2ny — n in the result 
of Schneider-Zintl. 

Tensoring the short exact sequence (3.3.1) with Sym^ ((A^yi^P^)*), we get 
the short exact sequence 

(3.3.3) ^ 0 ^ {V{-a)) {-2a - b) ^ 0. 

Since a > 0 and b > 0, from the long exact cohomology sequence of (3.3.3)^ 
and from (3.3.2) we obtain 

(3.3.4) Lfi (A, (X4/X4+1) (y(-a))) = 0 
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for £ > 1. From the short exact sequence 


0 ^ (l4/x4+i) (F(-a)) ^ {OaItSD (F(-a)) ^ {OaI^^^ (F(-a)) ^ 0 


it follows that 

r [A^OaIUT) (F(-a))) ^ r {a, {Oa/IcI^a) (F(-a))) ^ (A, {zSj,!Xd^) (F(-a))) 


is exact and 

r (A, (OA/I<i?‘) (V(-»)» ^ r (A, (0^/14) (V(-a))) 

is surjective for ^ > 1 by (3.3.4). Hence 

r(A, (o^/i4) (r(-«))) ^ r(yi,o^(v(-«))) 

is surjective for £> 2. This means that the element r G F (A, C>^(’F(—a))) 
can be extended to a holomorphic section f of V(—a) on some open neigh¬ 
borhood [/ of H in P„. By directly using the standard pseudoconvexity 
arguments for Hartogs’s extension of holomorphic functions, we can now ex¬ 
tend f to a holomorphic section 4 G F (P„, V(—a)) of V(—a) over P„. Or, 
we can get the extension to r** by using the result of Mathias Peternell that 
for any complex submanifold of complex dimension n — g in the complex 
manifold P„ — H is {2q — l)-complete [Peternelll987, p.433. Theorem] and by 
using [Andreotti-Grauertl962, p.254, Theoreme 15]. 

(3.4) Two Independent Sections. We claim that the holomorphic section 
s A r** of (detH)(—a) over P„ is not identically zero on P„, where s is from 

(1.4) . Suppose the contrary. Since the holomorphic section s of H over P„ 
is nowhere zero on P„ — Zred, the identical vanishing of s A r** means that 
r** = hs on P„— Zred for some holomorphic section h of C>p„(— a) over P„— Zred- 
Since is of complex codimension 2 in P„, it follows that the holomorphic 
section h of C>p„(—a) over P„ —Zred can be extended to a holomorphic section 

of Op„(—a) over P„ and r** = h^s holds everywhere on P„. This implies 
that r** is identically zero on and in particular identically zero on A, 
which is a contradiction. An alternative argument to get a contradiction 
is that the positivity of the integer a contradicts the existence of the non 
identically zero holomorphic section of Op„(—a) over P„. Hence s A 
is a non identically zero holomorphic section of (detH)(—a) over P„, which 
contradicts (det V)(—a) = Op^(—b — a) and a -|- 6 > 0. 
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§4. Branched Cover of Blowup of Complex Projective Space. 

(4.1) General Case of No Regular Branch of Reduction of Codimension 2 
Subspace. In the above argument for the special case of some branch A = 

of the reduction Z^-^d of the codimension 2 subspace Z being regular, the 
regularity oi A = Z^^^ is mainly used in the extension of the line bundle \W] 
on A to Pn and in the vanishing of (d, [Zd^j (—g)) for f > 1 and 
g > 0 by the theorem of Schneider-Zintl. For the step of using the standard 
pseudoconvexity arguments for Hartogs’s extension of holomorphic functions 
to extend f to a holomorphic section r** G F (P„, V{—a)) of V{—a) over P„, 
the regularity of A = Z^^^ is not essential. For the general case we have to 
hnd other ways to handle the two steps which depend on the regularity of 
A = We are going to deal with the line bundle extension first. 

(4.2) Simply Connectedness of Normalization and Desingularization of Sim¬ 
ply Connected Reduced Complex Space. Let P be a simply connected reduced 
complex space and let Y be the normalization of Y and Y be the desingular¬ 
ization of Y (by a hnite number of successive monoidal transformations with 
nonsingular centers). Then Y and Y are simply connected. 

The reason is that when we have a loop in either Y of Y, we can shrunk 
its image in Y down to a point and we can do the shrinking by a map p to 
Y from the closure of a domain D with smooth boundary in C and assume 
after slightly perturbing the map (f and changing the complex structure of 
D that the map p maps D holomorphically to Y and the y?-image of D 
is not entirely contained in the singular set of Y. Any holomorphic map 
from D ^ Y can be uniquely lifted up to Y and Y, because the pullback of a 
weakly holomorphic function germ on Y (which is a locally bounded function 
germ on Y holomorphic on the regular part of T) by y? is holomorphic on 
D and the lifting to Y can be obtained by using jets of y? at points of D of 
sufficiently high order. 

(4.3) Extension of Line Bundle from Singular Subvariety to Complex Pro¬ 
jective Space. Mathias Peternell’s Barth-Lefschetz theorem [Peternelll983, 
p.387, Satz 11] for singular subvarieties can be used to yield the following 
extension result. Let Y be an irreducible subvariety of complex dimension 
uy in Pn. Let Try : y —)■ F be the normalization of Y. If 2 < 2ny — n, then 
for any holomorphic line bundle L on Y there exists c G Z such that the 
TTy-pullback of L to y is isomorphic to the the TTy-pullback of C>p„(c) to Y. 
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In the application to our situation F is a branch of the reduction Z^ed of 
the codimension 2 subspace Z with ny = n —2 and 2 < 2(n — 2) — n = n — 4: 
or n > 6. 

The proof is as follows. Since from 2 < 2ny — n by the Barth-Lefschetz- 
Peternell theorem [Peternelll983, p.387, Satz 11] —)■ H‘^{Y,’L) in¬ 
duced by the inclusion map Y is surjective, there exists some c E 

such that the restriction of Op^{c) to Y has the same Chern class as L. By 
replacing L by L 0 C>p„(—c), we can assume without loss of generality that 
the Chern class of L vanishes. Since Y is simply connected, its normalization 
Y and the desingularization Y (obtained from F by a hnite number of suc¬ 
cessive monoidal transformations with nonsingular centers) are both simply 
connected. Let L be the pullback of L to F and L be the pullback of L to 
F. Since F is a compact Kahler manifold and the Chern class of L vanishes, 
it follows that L is a flat line bundle on F. Since F is simply connected, 
all flat bundles on F are trivial and in particular, L is trivial and there is a 
global nowhere zero holomorphic section F of L over F. Let Try : F —)■ F 
be the desingularization projection map. For any open subset U of Y with 
L\u trivial, the restriction of F to {U) is a holomorphic function on 

(TTy)”^ (U) which must be the Try-pullback of a holomorphic function on U. 
This means that F is the Try-pullback of a nowhere zero holomorphic section 
of L over F. Thus the line bundle L is trivial on F. 

(4.4) Vanishing Theorem for Singular Space. We now come to the question 
how to handle the difficulty coming from the second use of the regularity 
of A = in the vanishing of (A, {—q)) for 7 > 1 and 

g > 0 by the theorem of Schneider-Zintl in our argument in (3.3) for the 
special case of regular A = Z^^^. For singular normal complex spaces there is 
the following vanishing theorem of Mumford, which is given on p.l53 of the 
book of Shiffman-Sommese [Shiffman-Sommesel985] and which is proved by 
resolving the singularities. 

Let L be a holomorphic line bundle over an irreducible normal projective 
algebraic variety F. Suppose there is a positive integer m such that (i) there 
is no common zero in F for all elements of H^{Y,U^) and (ii) the complex 
dimension of the image of the holomorphic map F —)■ Pjv whose components 
are a C-basis of iL°(F, L™') is k > 1. Then (F, L*) = 0 for p < min(2, k). 

As a corollary we have the following vanishing theorem for use in our situ¬ 
ation. Let F be an irreducible (reduced) complex space of complex dimension 
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> 2 and vr : F —)■ F be the normalization of V. Let L be a holomorphic line 
bundle on Y which is ample. Then ^Y, 7r*L^ = 0. 

(4.5) Branched Cover over Blowup o/Pn along Complex Line. Since both the 
line bundle extension and the vanishing theorem for the case of a singular 
A = requires the use of its normalization, we are going to construct 
now a branched cover C over the blow-up C of P^ along a complex line in 
Pn so that the normalization of is the inverse image of A under the 
branched-cover map 8^8 composed with the blow-up map 8 —)■ P„. First 
we construct 8 as follows. 

(4.6) Light-Source Projection. For homogeneous coordinates [Coj •' ‘ ? Cn] of 
P„ denote by P)^i the hyperplane {Co = 0} at inhnity. Denote by L ^2 fhe 
complex line (Co = Cs = C 4 = '' ‘ = Cn = 0 } inside P))Ti. It consists of all 
inhnity points of the (xi, X 2 )-coordinate plane in the affine coordinates xi = 

- ■ ,Xn = ^ of the affine part C” = P„ — P))^^ of P„. We choose the 
(xi, X 2 )-coordinate plane simply because it is the most natural one to use. 

Now we choose a system of homogeneous coordinates [Co? • ‘' ? Cn] of P„ 
such that P))Ti n Zred is of complex codimension 2 in P))Ti and disjoint from 
Lf^ 2 - For P G Pn not in Lj °2 let lip be the complex plane in P„ containing P 
and Lf 2 - Let Ti 2 be the complex projective space (Ci = C 2 = 0} of complex 
dimension n — 2 in inside Pji, which is disjoint from L'^ 2 - 

Dehne the light-source projection with light source Lj °2 and target Ti ^2 
as the map 7 ri ^2 : Pn — Lj °2 —t Ti ^2 which sends P to the intersection point 
of T 12 and lip. The hbers of 7 ri ^2 are lip fl (P^ —Pj)Ti), which 
are biholomorphic to so that 7 ri ^2 : Pn ~ LT 2 '^ 1,2 is a holomorphic 
plane bundle over ri^ 2 - We add Lf ^2 lo each hber lip fl (P„ — P){Ci) of 7 ri ^2 : 
Pn — Ti ^2 to get a P 2 -bundie tt^- : T —)■ Ti ^2 with hbers lip. The P 2 - 

bundle vr^: : T —)■ Ti ^2 is the same as the space obtained from Pn by blowing 
up the complex line Lj° 2 - 

(4.7) Construction of Branched Cover over Blowup o/Pn. The light-source 

map 7 ri ^2 : Pn ~ LT 2 ^ 1,2 rnakes the branch A = a branched cover over 
Ti 2 because is disjoint from Lf^ 2 - Let tt : A —)■ 2 ! be the normalization 
of 2 ! = For every point P of A, take the complex plane Ll^j^p^ which 

contains 7 r(P) and Lf ^2 use it as the hber and put them together as P 
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varies in A to form the P 2 -bundle : S —>■ A. We use the identity map of 
rip to map each fiber of £ to the complex plane lip of P„ to get a branched- 
cover map : £ —^ £. The map 11^ restricted to A is the normalization 
map A ^ A. 

(4.8) Alternative Description of Branched Cover over Blowup o/Pn- The 

branched cover T of T is biholomorphic to the pullback of the P 2 -bundle 
TTs : £ ^ Ti 2 over Ti 2 by the branched-over map tti 2 o jr : A ^ Ti 2 . This 
can be seen by considering how the complex planes are put together 

to form T as P varies in A and how the complex planes lip are put together 
to form £ as P varies in Ti 2 . 

When the branched cover T of T is regarded as the pullback of the P 2 - 
bundle tts ■ £ -t 71,2 over Ti ^2 by the branched-over map 7ri^2 o jt : A ^ Ti^ 2 , 
there is a natural projection Ilh : £ —^ £ whose restriction to the subvariety 

A of £ agrees with the map 7ri,2 o n : A Ti ^2 (when Ti ^2 is regarded as 
a subvariety of £). We would like to point out that this natural projection 
Tfh \ £ ^ £ is different from the branched cover map Tf^ ■. £ ^ £ in (4.7). 
The difference is the following. For a point P of P„ not in when the 
identihcation of lip with the hber 7r7^(P) of £ with 7r(P) G 2 ! fl lip and the 
identihcation of lip with the hber 7r^^(np nTi^ 2 ) of £ are so chosen that the 
restriction of 11^ : T —)■ T to the hber 7rr^(F) of £ is the identity map of lip, 

then the restriction of the map Yf'^ : £ ^ £ to the hber tiC^P) of £ induces 
the map on lip which is the identity map on lip fl L'fl but is a translation 
of lip — Lfl in the affine coordinates of lip — L ^2 niapping tt{P) to the only 
point of lip n Ti 2 . 

(4.9) Pullbacks to Branched Cover over Blowup of along Complex Line. 
We use TT^ o TTf- : T —)■ Pn to pull back V to V, to pull back s G r(P„, V) to 
s G r(T, y), to pull back cr° G r(yl, V) to (T° G r( 2 i, 1/), and to pull back the 
divisor IF of cr'^ in 2 ! = to the divisor IF of on the normalization A 
of A 

By the above result on extending line bundles from singular subvarieties 
to P„ in (4.3), there exists some integer a such that on A the 7r-pullback of the 
line bundle [IF] on A agrees with the yr-pullback of the line bundle Op„{a) on 
P„. Since the intersection of A and the hypersurface H of P„ is contained in 
IF according to (3.1), it follows that a > 0. Let be the canonical section 
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of the line bundle [W] on A. Let f = Then f is a holomorphic section 

’'W 

of V{—a) over A which is nowhere zero on A. Here V{—a) is obtained by 
twisting V by the 7r-pullback of the line bundle C>p„(—a) on P„. 

The important advantage of introducing the branched cover T of T is 
that though both the complex space S and its subvariety A are singular in 
general, the normal bundle of H in T is isomorphic to the pullback of 

the normal bundle of A^ri, 2 ,Pn of Ti 2 in Pjj under 7ri^2 o tt : H —)■ Ti 2 so that 
^ is the direct sum of two positive line bundles. By Mumford’s vanishing 
theorem for negative line bundles on normal complex spaces, we have the 
vanishing 

//‘(i,Sym'((iV^j)-)(-«)) =0 

for £ > 1 and g > 0 (when n > 5). Here again Sym^((A^^^)*)(—g) is obtained 
by twisting it by the yr-pullback of the the line bundle Op„(—g) on P„. Let 
Xd^ be the full ideal sheaf of A on S. Since {Xd^Y jiXd^f^^ is isomorphic 

to the sheaf of germs of holomorphic sections of Sym^((A^^^)*), it follows 
that 

(4.9.1) (i, ((M^)Y(M^)'+') (-«)) = 0 

for I > 1 and g > 0. At this point we can just use straightforward mod¬ 
ifications to repeat as follows the above arguments for the special case of 
A = being regular given in §3. 

(4.10) Adaption of Final Argument to General Case. We have a short exact 
sequence 

(4.10.1) 0 ^ A C>^(H(-a)) ^ Oi(-2a - b) ^ 0 

on A, where the inclusion map <h is dehned by multiplication by f. Tensoring 
the short exact sequence (4.10.1) with Sym^ short 

exact sequence 

(4.10.2) , 0 ^ ^ (^47^4^0 C'^(-«)) ^ (^4/^4^') -b)^0 
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on A. Since a > 0 and b > 0, from the long exact cohomology sequence of 
(4.10.2)£ and from (4.9.1) we obtain 


(4.10.3) (i, (Xdyxdfi) (l/(-a))) = 0 

for £ > 1. From the short exact sequence 

0 ^ (14/14+1) (V(-a)) ^ (o^/14+i) (F(-a)) ^ {O (F(-a)) ^ 0 
on A it follows that 

r (i, (o^/Xdf^) (V(-a))) ^ r (A, (OjXd£) (V(-a))) ^ (a, (14/14+1) (F(-a))) 


is exact and 

r (i, (0.4/14+') (V(-a))') ^ r (i, (O4/14) (V(-a))') 
is surjective for ^ > 1 by (4.10.3). Hence 

r (i, (O 4 / 14 ) (C(-a))) ^ r (i, 04 (l/(-a))) 

is surjective for £ >2. This means that the element f G F (T^(l/(—a))j 

can be extended to a holomorphic section f of V{—a) on some connected 
open neighborhood U of Ain S. Since the subvariety A in P„ is disjoint from 
X^ 2 ) I'he complement A of (vr^ o vr^:)”^ {^^ 2 } in ^ is a C^-bundle over A 
whose associated P 2 -bundle (as its compactihcation) is the P 2 -bundle S over 
A. The C^-bundle over A is the direct sum of two positive line bundles 
over A. The subvariety H in £ is the zero-section of the C^-bundle over A 
with U being an open neighborhood of its zero-section A. By the standard 
argument of extending holomorphic functions locally over any strict {n — 2 )- 
pseudoconcave boundary in an n-dimensional normal complex space, we can 
extend the holomorphic section f of H {—a) from [/ to a holomorphic section 
A of V{—a) on S^. 
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We claim that the holomorphic section sAf^ of (det V){—a) over 8^ is not 
identically zero on 8^. Suppose the contrary. Since the holomorphic section s 
of V over 8^ is nowhere zero on (tt^ o (P„ — (Zred U the identical 

vanishing of s Af^ means that = hs on (tt^ o (P” — (^'red U -^^ 2 )) 

some holomorphic section h of 0^{—a) over (tt^ o (P" — (-Z’red U ^^ 1 ^ 2 ))- 
Since (tt^ o (^red) is of complex codimension 2 in 8^^ it follows that 
the holomorphic section h of O^^—a) over (tt^ o (P” — (2'red U -^^ 2 )) 

can be extended to a holomorphic section of h of 0^{—a) over 8^ and 
= h^s holds everywhere on 8^. This implies that is identically zero 
on (tt^ o 'Kg)~^ (Zj-ed) and in particular identically zero on A, which is a con¬ 
tradiction. Hence s A is a non identically zero holomorphic section of 
(detH)(—a) over 8^. 

Let A be the number of sheets in the the branched-cover map H^ ; T —)■ T. 
The restriction of H^ to 8^ is a branched-cover map of 8^ over P„ — Lf ^2 of 
sheets. The line bundle (det V){—a) over 8 is the pullback of the line bundle 
(det V){—a) on P„ by the map tt^ o yr^- : T —)■ P^. For a generic point P of 
P„ — L“ 2 , dehne the element ^{P) of the hber of ((det H)(—a))®^ over P by 

C{P) = I (5 A (P) P G 8^ with (tt^ o tts) (P) = I 

to obtain a non identically zero section ^ of ((det H)(—a))®^ over P„ —L'j" 2 - 
other words, ^ G T ^P„ — L^ 2 ) ((det H)(—is the multiplicative direct 

image of s A f ^ G T (det H)(—a) j under the map tt^ o Since Lf ^2 is 
of codimension n — 1 > 2 in P„, we can extend 

^ 6//“(p„-L“,((detl/)(-a))®")) 

to a non identically zero holomorphic section of ((det H)(—a))®^ over P„, 
which contradicts ((det H)(—a))®^ = C>p„ (A(—6 — a)) on P„ with a -|- 6 > 0. 
This hnishes the proof of the Main Theorem. 
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